Ph. Office ' 2464-1312 ;
Principal . 2464-4371

Muralidhar BGicls” College
P-411/14, GARlAHAT ROAD, BALLYGUNGE, KOLKATA - 700 029
(NAAC ACCREDITED - B+ +)

Academic Linkage Certificate

This Academic Linkage is hereby solemnized between Principal Dr. Kinjalkini Biswas of

Muralidhar Girls’ College, P-411/14 Gariahat Road, Kolkata-700029 and Prof. Kallol Paul,

Professor, Department of Mathematics, Jadavpur University for fostering collaborative academic

growth (Research) development, as envisaged by UGC and NAAC on 2018 for a period of 5

years with the following shared vision:

1. Collaborative Research work

2. On-line and Offline sharing of ideas in teaching and learning.
This linkage will respect Intellectual Property Rights and any intellectual matter developed by

the collaborative efforts. Both the parties will retained confidentiality in each /any collaborative

efforts and will be guided, directed and impelled by greater academic interest and not any other

commercial interest. No legal relationship is implied through this linkage and any of the two

parties can choose to terminate the linkage with a prior written notice of six months.
This Academic Linkage shall uphold the ethos of holistic and integrated academic

excellence and growth. This shall not anyway impede or affect each of the parties individuality

and distinctiveness, by anyway whatsoever.

8-2:1¢g

Dr. Kinjalkini Biswas .
J DR. KINJALKINI BISWAS

Princip al Principal
Muralidhar Girls' College

Muralidhar Girls’ Callegea - 700029
Kolkata - 700029

\"
N\ \t)b matic®
U n\vefS\w

epartm
oth@ti.mmcs
Jadavpur UmverS|ty

Kolkata - 700032




COLLOQUIUM MATHEMATICUM

NO. 1

VOL. 169 2022

k-SMOOTHNESS ON POLYHEDRAL BANACH SPACES
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Abstract. We characterize k-smoothness of an element on the unit sphere of a finite-
dimensional polyhedral Banach space. Then we study k-smoothness of an operator T" €
L(¢%,Y), where Y is a two-dimensional Banach space with the additional condition that
T attains its norm at each extreme point of Ben . We also characterize k-smoothness of
an operator from £2, to £3.

1. Introduction. The study of k-smoothness plays an important role
in identifying the structure of the unit ball of a Banach space. The papers
[1, 2 BB} @] contain the study of k-smooth points of many Banach spaces.
Several papers, including [1} 3} @} 5} @) [7} @] study k-smoothness of operators on
different spaces. In [7], the present authors have obtained a relation between
k-smoothness and extreme points of the unit ball of a polyhedral Banach space.

The purpose of this paper is to characterize the order of smoothness
of an element of the unit sphere of a finite-dimensional polyhedral Banach
space; we also study k-smoothness of an operator defined between polyhedral
Banach spaces. Let us first fix the notation and terminology.

The letters X, Y denote Banach spaces. Throughout the paper we assume
all Banach spaces considered to be real. We denote the unit ball and the unit
sphere of X respectively by Bx and Sy, i.e., Bx = { € X : ||z]| < 1} and
Sx = {x € X:||z|]| = 1}. Let L(X,Y) denote the space of all bounded linear
operators between X and Y. For T' € L(X,Y), My denotes the collection
of all unit vectors of X at which 7" attains its norm, i.e., Mp = {z € Sx :
|Tz|| = ||T||}. For a set A, the cardinality of A is denoted by |A|. The dual
space of X is denoted by X*.

An element z of a convex set C is said to be an extreme point of C if
x = (1-t)y+tz for some y,z € C and t € (0,1) implies that y = 2z = .
The set of all extreme points of C is denoted by Ext(C). For z,y € X, let
Llz,y] = {te+(1—t)y: 0<t <1} and L(z,y) = {te+(1—-t)y: 0 < t < 1}.
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We explore the relation between the orthogonality of bounded linear operators in the space of
operators and that of elements in the ground space. To be precise, we study if T, 4 € L(X,Y)
satisfy TL g A, then whether there exists z € X such that ToLpAx with ||z]| = 1, ||Tz| = ||T],
where X, Y are normed linear spaces. In this context, we introduce the notion of Property P,
for a Banach space and illustrate its connection with orthogonality of a bounded linear operator
between Banach spaces. We further study Property P, for various polyhedral Banach spaces.

Keywords: Orthogonality, linear operators, norm attainment, polyhedral Banach spaces.
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1. Introduction

The purpose of the present article is to continue the study of orthogonality properties
of bounded linear operators between Banach spaces, in light of the seminal result
obtained by Bhatia and Semrl [1] regarding orthogonality of linear operators on
Euclidean spaces. Let us first establish the relevant notations and the terminologies
in this context.

The letters X and Y denote Banach spaces. Throughout the article, we work only
with real Banach spaces. Let Bx = {z € X : ||z < 1} and Sx = {r € X : ||z|| = 1}
denote the unit ball and the unit sphere of X respectively. Let Fx denote the set
of all extreme points of By. For a set S C X, |S| denotes the cardinality of S.
Let L(X,Y) denote the Banach space of all bounded linear operators from X to Y,
endowed with the usual operator norm. We write L(X, Y) = L(X), if X = Y. For a
bounded linear operator T' € L(X, Y), let My denote the norm attainment set of T,
ie, Mr={z € Sy :||Tz| = ||T||}. The notion of Birkhofl-James orthogonality in
a Banach space is well-known and is used extensively in the study of the geometry
of Banach spaces. For z,y € X, z is said to be orthogonal to y in the sense of
Birkhoff-James [2], written as z L gy, il ||z + Ay|| > ||z| for all A € R. Similarly, for
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1. Introduction

The study of extreme contractions and smoothness of operators between Banach spaces
are two classical and fertile areas of research in Banach space theory. While the charac-
terization of extreme contractions defined between Hilbert spaces is well-known [1-4],
the characterization of the same is still elusive, in the general setting of Banach spaces.
There are several papers including [5-18] that deal with the study of extreme contractions
of operators defined between some special Banach spaces. The purpose of this paper is
to study extreme contractions between polyhedral Banach spaces and explore interesting
connections between the order of smoothness of an operator and extreme contraction. In
particular, we generalize and improve on the results obtained in [14] in an elegant way.
Before proceeding further, we first establish the notations and terminologies.

We denote the Banach spaces by the letters X and Y. Throughout the paper, we assume
that the Banach spaces are real. |A| denotes the cardinality of a set A. An element x of a
convex set A is said to be an extreme point of A, if x =ty + (1 — t)z for some t € (0, 1)
and y,z € A implies that x = y = z. The set of all extreme points of a convex set A is
denoted by Ext(A). The unit ball and the unit sphere of X are denoted by Bx and Sy, respec-
tively, that is, Bx = {x € X : ||x|| < 1} and Sx = {x € X : [|x]| = 1}. L(X,Y) denotes the
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Some remarks on orthogonality of bounded
linear operators-I|

DEBMALYA SAIN, ANUBHARB RAY, SUBHRAJIT DEY,
and KALLoL PAUL

Abstract. Let X,Y be normed linear spaces. We continue exploring the
validity of the Bhatia-Semr] (BS) Property: “An operator T' € L(X,Y)
satisfies Bhatia-Semrl Property if for any A € L(X,Y), T Lp A implies
that there exists a unit vector z € X such that |ITz|| = ||T| and Tz LpAz.”
A pair of normed linear spaces (X, Y) is said to be a BS pair if for every
T € L(X,Y), T satisfies the BS Property if and only if Al = DU (=D),
where D is a non-empty connected subset of Sx. We show that (£7,Y) is a
BS pair for any normed lincar space Y, and also obtain some other results
in this context. In particular, using the notion of norm attainment set,
we characterize the space 2, among all 3-dimensional polyhedral Banach
spaces whose unit ball have exactly eight extreme points.

1. Introduction

Birkhoff-James orthogonality plays a central role in determining the geometry
of normed linear spaces in general, and spaces of operators, in particular. One
of the most interesting aspects of Birkhoff-James orthogonality is the relation
between orthogonality of operators and that of norming elements in the ground
space. The purpose of this paper is to continue the investigation of a certain
property from [7], as mentioned in the abstract. Before proceeding further, let
us fix the notations and the terminologies.

Letters X and Y denote normed linear spaces. Throughout the present
article, we will assume the underlying scalar field to be R. Let By = {z €
Xifzl €1} and Sx = {z € X : ||| = 1} denote the unit ball and the
unit sphere of X, respectively. Let Blr,r] = {z € X - |z — 2| < r} and
B(xz,r) = {z € X : ||z — z|| < r} denote the closed ball and the open ball
centered at r and radius r > 0, respectively. For a subset A4 of X, let |A]
denote the cardinality of A. Let L(X,Y) be the normed space of all bounded

Article history: received 17.10.2021, revised 15.3.2022, accepted 20.3.2022.
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Geometric properties of operator spaces endowed
with the numerical radius norm
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Abstract

We characterize operators having equal operator norm and numerical radius norm.
Then we explore a generalized notion of smoothness on L(X),,, the space of bounded
linear operators on a real finite-dimensional Banach space X endowed with the numer-
ical radius norm. Furthermore, we explore extreme contractions in LX), whenever
Xisa finite-dimensional real polyhedral Banach space. Finally, we obtain the structure
of the set of extreme points in the dual space of L(X),,, where X is a two-dimensional
polygonal Banach space.

Keywords Numerical radius norm - Nr-smoothness of order k - Linear operator -
Banach space - Nr-extreme contraction
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