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MATHEMATICS — HONOURS
Paper : CC-8
(Ricmann Integration and Series of Functions)
Full Marks : 65

The figures in-the margin indicate full marks.

Candidates are required to give their answers in their own words
as far as practicable.

N, R, Q. Z denote the sets of natural, real, rational numbers and integers respectively.
1. Answer the following multiple choice questions having only one correct option. Choose the correct
(1+1)x10

option and justify your choice.

1
(a) Let P, O and R be three partitions of [0, 1], where P=[O,Z,%,%,1J, 0

Then, " P\R G

() QO is a refinement of R.
(i) R is a refinement of P and O both.
(i) R is a refinement of P and not a refinement of O.

(iv) R is not a refinement of P and a refinement of Q.

b = ¢ if 0Lx<¢c
®) f)= 2¢ if c<x<l1

1
If lf(x)dr:%, the value of ‘¢’ is

(i)

W | =

(D)

R | —

(iv)

(iii)
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.
(c) The number of points of discontinuitics of the function ¢(x) = I[-\/;Jrlr, 0<x<2023, ([r] denotes
0
greatest integer <r) is
@ 1 (i) 2023
(ii)) 0 (iv) 2021.
(d) Let f:[0, 1] > R be defined by
S =1, xe[0,1]1NnQ
=-1, xe[0,1]-Q
Then,
(i) fis R-integrable.
(i) |f]is R-integrable and f is also R-integrable.
@iii) |f] is not R-integrable and f'is R-intcgrable.
(iv) |f]is R-integrable but /" is not R-integrable.

1 1 © 1
)y e 70
(e) If L =J.x 100/gx and 1, =J.x 100/ gy, then

0 1
(i) both I; and I, exist finitely (ii) only /; exists finitely
(iii) only 7, exists finitely " (iv) neither 1, nor I, exist finitely.

1 n-1
6)) jx'"“l (logl) dx (m>0,n>0) is equal to
x
0

0 1"(,:'2) (i F(I:)
n m

(iii) &:l) (iV) L’:)
m m

n

X
(g) The sequence {7} of functions
n

(i) converges uniformly to 0 in [0, 1]
(i) converges uniformly to 1 in [0, 1]
(iii) diverges in [~1, 0]

(iv) converges uniformly to 1 in [-1, 1].
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1 1
(h) The series 1+ 5+ +... of functions converges

2

. 1 . % .
(i) to 1% everywhere in [-1, 1] (i) to l—i2 in [-1, 1]
X

X
(i) to 1——15- in (-1, 1) (iv) to 1+i2 only in R\ {0}.
x X
(i) The radius of convergence of the power series Z [EHL(X+2)”} is
n=0 "
(i) (-2, 2) (i) (-2-e,-2+¢)
(i) (e €) (iv) (~e=2, —e+2).
() If f(x) is an odd function defined on [ m, n], then the Fourier series of f(x) is of the form
(1) %"0 + Zan cosnx - g (ii) —;jao + Zb” sinmx
n=| ¢ n=l1
(iii) Za,, cosnx (iv) Zb,,sinn.\',
n=l n=1 Y ' GOL\_EGE\
LIDHAR GIRLS
[ag # 0] MURA LIBRARY

2. Answer any three questions :
(a) (i) Define norm of a partition of [a, b].
(ii) Let/: [a, 5] = R be bounded on [a, b] and P, O be any two partitions of [a, b]. Then prove that
L(P, )< U@, /) and L(Q,[) < UP.[). 1+4

(b) Let f:[a,b] = R, ¢ :[a, b] = R be both bounded on [a, b] such that f(x) = ¢(x) except for a
finite number of points in [a, b]. I/ be integrable on [a, b] show that ¢ is also integrable on [a, 5].

b b
Also prove that J“b'—'ff. 243
a a

X
(¢) (@) Iff:[a, b] > R is continuous and f(x)>0, Vxe[a,b] and let F(x):J‘f(t)dt , X € [a, b],
a
show that F is strictly increasing on [a, b].

1

(i) Let f(x)=x]|x|,-1<x<1. Find a point ¢ €[-1, 1], such that If(x)dx=2f(c). 3+2
-1
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(d () Letf:[a, b] > R be integrable on [a, b]. If M is the supremum and m is the infimum of
fon [a, b] then, prove that

b
m(b—a)sjfsM(b-a)_

1

(1) Evaluate I[szin 1 cos -1—] dx by applying fundamental theorem of Integral Calculus.  3+2
% X
0

(e) Give an example of a real valued function on [-1, 1] which has a primitive but is not Riemann
integrable on [-1, 1].

Give an example of a real valued function on [-1, 1] which is Riemann integrable but does not
have a primitive. 5

3. Answer any fiwvo questions :

oo}
(a) Examine for convergence of J‘ltan X d 5
(et MURALIDHAR GIRLS' COLLEGE
LIBRARY
m-1 n-1
(b).. (i) Prove that B(m,n) = J.de (m,n>0).
1 1
(i) Show that [ (1+x)"™ (1-x)7" ax=2"*"" B (p,q). 342
-1
1
o Moy
(c) Show that the improper integral Ilsm—dx 1S convergent. 5
X x

0

(d) (i) State Dirichlet’s test for improper integral _[ f(x)dx (a>0).

a

(o0}

sinxdx is convergent. 243

(i) Show that the improper integral J. 3

1+x
1
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Answer any four questions :
(2) Prove that-the uniform limit function of a sequence of Riemann integrable functions is Riemann

integrable on the domain of definition. 5

n a .
(b) Prove that the scquence { f,},, where f, (x)= ”2x(l —x2) ,0<x <1, is not uniformly convergent

1
on [0, 1] by using lim I_ﬁ,(,\:)zi\#_'.f(x)dx, where *f” is the limit function of {f,},. 5

11—»00

(c) Let [a, b] be a closed and bounded interval and for each n € N, let £, be differentiable on [a, b].

If cach f' ; be continuous on [a, 5] and the series of functions ' 1'+ fz' +f3 +... converges uniformly

.. converges to S on [a, b] then show that

on [a, b] to a function g and the series f; +/, +/3+
5

S'(x) = g(x) Vxela, b).

(d) (i) Examine whether
® cos(nzx)
Z 4™"sin (3"nx)+_"_ MURALIDHAR GIRLS’ COLLEGE
n=p p LIBRARY
is uniformly convergent on R, where p is a + ve integer = 2.

on 2n-1
(ii) Use Weierstrass’s M-test to prove that Z—ZT converges uniformly for |x|<

n=l1

IJI»—‘

o0
(e) Let Y. a,x" be a power series with radius of convergence R(>0). If the series converges at

n=0
the end point R of the interval of convergence (- R, R), then show that the series is uniformly
convergent on the closed interval [0, R]. 3

44

as =1-x" 4y ., derive the power

1+x%  14x°
series of tan~lx together with its interval of convergence. From this, find the sum of the infinite

(f) Assuming the power series expansion for

series 1—l+l—l+---- 3+2
3 57
(g) Find the Fourier series for a periodic function f:R = R of period 2r defined by fF(@) =

—n<x<m Also find the sum of the series at x =5m, RE




