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Candidates are required to give their answers in their own words
as far as practicable.

Z, R and C denote the set of integers, set of real numbers and
set of complex numbers, respectively.

1. Choose the correct alternative with proper justification (1 mark for correct answer and 1 mark for
(1+1)x10

justification) :
(a) Ina ring (R, +, *),x2 = x, V x € R# {0}. Then which one of the following is true?

s ;(i) R is commutative and char R =2 (i) R is commutative and char R # 2

(iii) R is non-commutative and char R =2 (iv) R is non-commutative and char R # 2.

(b) If (Z,, +, *) is an integral domain, then ¢(») is equal to

@ n @) n-1
(i) n—2 (iv) L
(c) If f: Z — Zg is defined by f(n) = [n] fo'r all n € Z, then ker f is equal to
G Z (i) 2Z
(iii) 3Z (iv) 6Z.
(d) Let (D, +, =) be a division ring with p elements. Then for all a € D,
@ aP=0 () aP=a-1
(i) a?=a (iv) a? # a?.
(¢) Find the correct statement from the following :
(@i A field has no ideals. (ii) A field has only two ideals.
(iii) A field has only one ideal. (iv) A field may contain an infinite number of ideals.
() Let aZZ and bZ be two ideals of the ring Z and c¢Z = aZ N bZ. Then
(i) ¢ = ged(a, b) (i) e=ab
(iii)y ¢= alb (iv) ¢=lem(a, b).
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(2) Let I7be a veetor space of all real valued functions over the field R. Which of the following is not
a subspacce of V?

O M ={feV:f0)=f)
(i) Wy ={fel:f(2)=0}
| (iii) 1y ={f eV f is a continuous function}
S Wy ={feV:f@)=1+ f(4)).
(h) Let 7: R>— R? be a linear mapping such that 7(1, 2) = (2, 3) and 7(0, 1) = (1, 4). Then I(5, 6) is
® (6,-1) (i) (-6,1)
(iii) (- 1,6) @iv) (1,=6).

(1) Let 4 be a 3, xad real matrix with eigenvalues 2, — 2, 1. Then

(i) 4224 isnon-singular (ii) A2+24 isnon-singular

(iif) 42 -4 is non-singular (iv) 42+ 4 isnon-singular.

) 1 2
o If A=(3 0), then 41 is
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(iii) g(A—I) @iv) E(A—QI).

Unit - I
2. Answer any five questions :
(a) (i) Prove that any finite integral domain is a field.

(i) Let R be a ring with unity 1. If a®> = a, V a € R, show that 1 —2a is a unit.
(b) (i) Show that the centre of a ring (R, +, *) is a subring of the ring.

w
+
o

(i) Show that intersection of all subfields of the field of real numbers R is the field of rational

numbers. 3+2
(¢) (1) Show that every subring of the ring (Z,, +, *), where n is a positive integer, is an ideal of
Z,.
h

(i) Prove that the field of real number R and the field of complex number C are not isomorphic

2

(i) Show that the characteristic of a finite ring R divides | R |, where | R | denotes the cardinality
of R.

(d)

(i) Let R be a ring with unity. Prove that M, (R) ring of all » x n matrices has the same
characteristic as that of R,

3+2
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(©) (@) Let /£ be an epimorphism of a ring R onto o ring S, ‘Then prove that for every ideal o of
S [y is anideal of R containing, ker /.
(i) Prove that an ideal of an ideal of a_ring R may not be an ideal of R, 2
(0 Let Rbe o commutative ring with identity, 1~ 0, Prove that a proper ideal P of R is a prime ideal
ol R il and only i /1 is an integral domain. 5
() (1) Show that the ring 272 is nol isomorphic to the ring 522,

(i) VFor any integer n(=1), show that Z,, = %/, ,. 243

() Let 7= Aa v bicZZli] : a~ b is divisible by 2}, Show that / is a-maximal ideal of Z[{], the ring
of Gaussian integer, 1s it o prime ideal? Justify your answer, 4+l

Unit - 1
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() () ket S= 1“‘!' 0y vy .”} be a lincarly independent set of gencrators of a vector space V and
T be a proper subset ol S, Prove or disprove @ 7' is a basis for V.

(@) Let {o, B, ¥} be a basis for a real veetor space ¥V and ¢ is a non-zero real number. Prove

,”Uf’ll 1’1‘hc,[l [}, v} is a basis lor V. 243

(b) Show that the set 8 is a suhslmu., of R3, where S = {(\ yz)e R ty+z=0,y= z}. Find a

basis for § and henee find dim S, 212+
(¢) () Amapping 7t RY— R is (IL_[{l\Lfl hly Ty =Cxtytz,x—ytzx+ty—z x+y+2),
for all (v, 2) € RY. Examine i 7'is lincar.
(ii) Let P and I be veetor spaces over a ficld F. ICa lincar mapping 7 ¥V —» W is invertible,
then show (hat 771 7 — Vis also a lincar transformation. 342
() () LetS= {a, 3, y} and 7= {a, ot B, 00 1+ v} be two subsets of a real vector space V.
Show that L(8) = L(1).
(i) Let ¥ and IV be two veetor spaces over a ficld /7and 72 ¥V — W be a lincar mapping.
I ker 7= {0} and {ot), Qyy vy @, } be a basis of ¥, prove that {T(a), 7(aty), ..., T(at,)} is
a basis of Im 7. 243
(¢) Let R¥ denote the three dimensional real veetor space. Let 7' R3 = R3 be a lincar mapping which
is defined as follows :
(x, v, 2) = (x + y, 2620z + X)), for all (x, y, 2) € R3,
(i) Determine the dimension of Ker 7 and Im 7.

(i) Find the matrix associated with 7, with respeet to the standard ordered basis of R3.
(1+1)+3
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: nding to t
(f) (i) Prove that two eigenvectors of a square matrix 4 over a field F, corresponding WO
distinct eigenvalues of 4 are linearly independent.

(ii) If A be an eigenvalue of a real orthogonal matrix 4, then show that % is also an

' +
eigenvalue of 4. 2L

(® @ If{c, B, v} is alinearly iﬁdependent set of vectors in a real vector space V, verify the linear
independence of set of vectors {a—B, B—y, y—0}.

T 1. 0 0
(i) Use Cayley-Hamilton theorem to find 4190, where 4={1 0 1 2+3
01
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