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MATHEMATICS — HONOURS
Paper : CC-8
(Riemann Integration and Series of Functions)

Full Marks : 65

~ The figures in the margin indicate full marks.

Candidates are required to give their answers in their own words
as far as practicable.

i .

N, R, Q, Z denote the sets of natural, real, rational numbers and integers respectively.

- Answer the following multiple choice questions having only one correct option. Choose the correct
option and justify your choice.

(1+1)x10
(2) Let f:[a, b] > R be a bounded function and P, Q be any two partitions on [a, 5]. Then
@) LPUQ, /)L, f) i) UPNQ, N)<UQ, f)
(@) L(P, )< UPUQ, f) av) UP,)<UPUQ, ).
(b) Identify the set which is not negligible.
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() {xv2 :x e Z}
(1) The set of points of discontinuity of a monotone function on R.

(iv) The set of points of discontinuity of the function f: [0, 1] — R defined by

1, if xisrational
7= {o, if x is irrational
(c) If f:[a,b] > R and g: [a, b] = R are bounded functions such that /g :la, b] = R is Riemann
mtegrable on [a, b], then
[ (i) both f and g are Riemann integrable on |[a, 5].
(11) at least one of f and g‘is Riemann integrable on [a, b].
(ii)) If /is Riemann integrable on [a, b], then g is Riemann integrable on [a, b].

(iv) f and g may not be Riemann integrable on [a, b].
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. 0, —=1<x<0
(d) f:[-1,1] > R is defined by f(x)={ . Then
I, 0<x<l1

(i) fis Riemann integrable and has primitive on [-1, 1].
(i) fis Riemann integrable but does not have primitive on [-1, 1].
(i) f'is not Riemann integrable but has primitive on [-1, 1]

(iv) fis not Riemann integrable and also does not have primitive on [-1, 1].

@ n-
(¢) | ——dx converges for
x+1
]
(1) n>1 @) n<1
(mi) n>0 @iv) n<0.
" 2
() f e ™ dx is equal to
m | )
() > () Jn
. LS
(i) 2/ (V) 5 -

(g) Let f,(x)=x" for each n € N. Then {f,,}:zl 1s uniformly convergent on

@ (0, 1) @) [0, 1]
(i) [%1] (iv) [0%)
(h) i - is
172+I13x4

n=]
(i) uniformly convergent but not absolutely convergent on R.
(ii) uniformly convergent and absolutely convergent on R.
(i) absolutely convergent but not uniformly convergent on R.

(iv) neither absolutely convergent nor uniformly convergent on R.
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(1) The radius of convergence of Z (2”)!:.”
= nl)”
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(ii)

o] —

(iii) (iv)

an
: - o ) ) . L
W 1=+ Z(“n cosnx + 4, sinnx) is the Fourier series of the function xsinx in [-7, ), then identify
= op=l

the incorreet statement.

a\
(i) Z(an Cosix + by sinnx) converges to xsinx in [-n, 7]
n=\

(1) Za,, Is convergent

n

2 &
(i1i) Zn b, is convergent

n

(iv) a,# 0 for every ne N.

2. Answer any three questions :

(a) Define primitive of a function on [a, b]. Prove that every continuous function on a closed and
bounded interval has a primitive there. 144

(b) (i) Define ‘negligible sct” in R. State the characterization theorem for Riemann integrability
in terms of negligible sets.

(i) Discuss the Riemann integrability of the function S:1-500. 500) > R defined by
J(x)=2—[x]. ([x] denotes the largest integer not exceeding x) (1+2)+2
(¢) () Letf:[0,1] - Rbedefined by f(x) = lim (sin2x)". Check whether fis Riemann integrable
n=yor
on [0, 1].
h b
'

(ii) Let f, g be Riecmann integrable on [a, b] and If' =0 Prove or disprove : Ifg =0, 243

a a
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(d (@ If /:R— R is Riemann integrable on [0, 1] and f(x +y)=/(x) +/(v) VxeR, then show

f(2022)
4044

1
that Jf:
0

(i) Prove or disprove : |f| is Riemann integrable on [a, b] implies f 1s Riemann integrable
on [a, b]. 3+2
(¢) (i) State Fundamental Theorem of integral calculus.

(i) Let £ [0,3] — R be defined by

0, 0<x<1
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X
Let F(x)= .[f(f)df,xe[(), 3] . Find the function F. Examine whether F is continuous

0
on [0, 3]. 1+(2+2)
3. Answer any two questions :
1
(a) Discuss the convergence of the improper integral Ix'"*l (1-x)""ax. 5
0
€ .
. sin xdx .
(b) (1) Show that 7 converges absolutely for p>1 and conditionally for 0 < p < 1.
1
1
(ii) Show that J ax k2 <1 s convergent. 342
2 2.2
5 \/(]—;\ )(l k*x )
m -
(c) State Abel’s Test and use it to test the convergence of je'“x Sl—nidx,az 0. 1+4
0 o
(d) () Show that I'(n+1)=n! for any n e N.
o, "
(i) Examine the convergence of JSl?x+“dx, 243
og x
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4. Answer any four questions :

(a)

(b)

(c)

(d)

(e)

()

(2)

Prove that a sequence {fn}:=] of functions /) : [a, b] - R converges uniformly to some function
f:la, b] >R if and only if lim M, =0 where M, = sup |f,(x)-f(x)|, for each ne N. 5

n—oc xe[a,b)

. . o0 .
Examine the uniform convergence of the sequence {g,} ]of functions, where for each n € N,
n=

g,(x)=nxe™™  xe[0,1] 5

=]
. . 2.2 —nfix .
Discuss the uniform convergence of Zn'xze "KM on R. g "N

n=l
Let D c R and for each n € N, let J,: D — R be continuous on D. Then prove that the uniform

sum function of Zf,, is continuous on D. Is uniformity a necessary condition for the conclusion
n

to hold? Justify your answer. 3+2
o0
) Fi . . -1)"n!
(1) Find the radius of convergence of the power series Z( )n x".
. n
n=l

(1) Prove or disprove : Radius of convergence of a power series remains invariant under term-
by-term differentiation. 3+2

State Abel’s theorem for uniform convergence of power series. Use it to prove that the sum of

the series ]—%+%-—l+...is log2. 1+4

— =<
Obtain the Fourier series of /: [-n, n] & R defined by f(x):{ cosx, —m<x<0

cosx, 0<x<nm

2 6
Hence, find the sum of the series — ———

+ 10 249
13 57 911 >+2
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